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Abstract. In this paper we investigate quasilinear parabolic systems of con- 
served Penrose-Fife type. We show maximal Lp - regularity for this problem 
with inhomogeneous boundary data. Furthermore we prove global existence 
of a solution, provided that the absolute temperature is bounded from below 
and above. Moreover, we apply the Lojasiewicz-Simon inequality to establish 
the convergence of solutions to a steady state as time tends to infinity. 



1. Introduction and the Model 

We are interested in the conserved Penrose-Fife type equations 

dtip = A/i, n = -AiP + - A'(V')i9, teJ, xen, 

^^'^^ dt {b{d) + A(V')) - Ai? = 0, teJ, xen, 

where -d = 1/9 and 9 denotes the absolute temperature of the system, tp is the order 
parameter and fl C M" is a bounded domain with boundary dfl G C*. The function 
is the derivative of the physical potential, which characterizes the different phases 
of the system. A typical example is the double well potential $(s) = (s^ — 1)^ with 
the two distinct minima s = ±1. Typically, the nonlinear function A is a polynomial 
of second order. 

For an explanation of (|l.ip we will follow the lines of Alt & Pawlow [5] (see 
also Brokate & Sprekels [4, Section 4.4]). We start with the rescaled Landau- 
Ginzburg functional (total Hclmholtz free energy) 

where the free energy density F{iIj,9) := 2^|V?/'P + f{tp,9) is rescaled by 1/9. 
The reduced chemical potential /i is given by the variational derivative of J- with 
respect to ■0, i-e. 

Assuming that ip is a, conserved quantity, we have the conservation law 

dtip + divj = 0. 
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Here j is the flux of the order parameter for which we choose the well accepted 
constitutive law j = — V^, i.e. the phase transition is driven by the chemical po- 
tential /i (see 21 (4-4)]). The kinetic equation for ip thus reads 

/ A ^ f (a\A I . ^/(^'^) 



If the volume of the system is preserved, the internal energy e is given by the 



variational derivative 



5T{iIj, 0) 
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' Sim ■ 

This yields the expression 
It can be readily checked that the Gibbs relation 

holds. If we assume that no mechanical stresses are active, the internal energy e 
satisfies the conservation law 

dtc + divq = 0, 

where q denotes the heat flux of the system. Following Alt & Pawlow [2], we 
assume that g = V (^), so that the kinetic equation for e reads 

dte + A(l) =0. 



Let us now assume that j{9) = 9 and f{tp, 9) = 9^{ip) — X{ip) — 9 log 9. In this case 
we obtain e — 9 — X{ip) and 

^ = -A^ + <i>'(^)-A'(^)i, 

hence system (11.11) for d = 1/9 and b{s) = — 1/s, s > 0. Suppose = {q\iy) = 
on dfl with v = vix) being the outer unit normal in x £ dVl. This yields the 
boundary conditions di,^ = and d^d = for the chemical potential /x and the 
function d, respectively. Since (jl.ip is of fourth order with respect to the function tp 
we need an additional boundary condition. An appropriate and classical one from a 
variational point of view is d^ip = 0. Finally, this yields the initial-boundary value 
problem 

dt^p - A^ = /i, fi = -A?A + $'(^/;) - A'(V')i?, t€J, xen, 
dvf^ — gi, d„^p ~ g2, di.'ff — 93, t e J, x e dV,, 

V'(o) = Vo, ^?(o) = i?o, t = o, xen, 

The functions fj,gj,ipo,-do,^,X and b are given. Note that if 9 has only a small 
deviation from a constant value 0* > 0, then the term 1/9 can be linearized around 
9^, and (II. 2p turns into the nonisothermal Cahn-Hilliard equation for the order 
parameter ip and the relative temperature 9 — 9^, provided b{s) = —1/s. 

In the case of the Penrose-Fife equations, Brokate & Sprekels [4] and Zheng 
[l8] proved global well-posedness in an L2-setting if the spatial dimension is equal 
to 1. Sprekels & Zheng showed global well-posedness of the non-conserved 
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equations (that is dt4^ — — /i) in higher space dimensions in |16j . a similar result 
can be found in the article of Laurencot . Concerning asymptotic behavior we 
refer to the articles of KuBO, Ito & Kenmochi Shen & Zheng [TS|, Feireisl 
& SCHIMPERNA [8 and ROCCA & SCHIMPERNA [13]. The last two authors studied 
well-posedness and qualitative behavior of solutions to the non-conserved Penrose- 
Fife equations. To be precise, they proved that each solution converges to a steady 
state, as time tends to infinity. Shen & Zheng 15^ established the existence of 
attractors for the non-conserved equations, whereas KuBO, Ito & Kenmochi [5] 
studied the non-conserved as well as the conserved Penrose-Fife equations. Beside 
the proof of global well-posedness in the sense of weak solutions they also showed 
the existence of a global attractor. Finally, we want to mention that the physical 
potential $ may also be of logarithmic type, such that $'(s) has singularities at 
s = ±1. This forces the order parameter to stay in the physically reasonable 
interval ( — 1,1), provided that the initial value "0(0) = V'o G In. general, 

such a result cannot be obtained in the case of the double well potential, since there 
is no maximum principle available for the fourth order equation ()1.2|) ^ . For a result 
on global existence, uniqueness and asymptotic behaviour of solutions of the Cahn- 
Hilliard equation in case of a logarithmic potential, we refer the reader to Abels 
& WiLKE 1_. However, in this paper we will only deal with smooth potentials. 

In the following sections we will prove well-posedness of (|1.2p for solutions in the 
maximal Lp-regularity classes 

^eHl{J;Lp{n))nLp{J;H^{n)), 

^eHliJ;Lp{n))nLpiJ;H^p{n)), 

where J = [0, T], T > 0. In Section 2 we investigate a linearized version of (|1.2p and 
prove maximal Lp-rcgularity. Section 3 is devoted to local well-posedness of (|1.2p . 
To this end we apply the contraction mapping principle. In Section 4, we show 
that the solution exists globally in time, provided that the absolute temperature 
is uniformly bounded from below and above. Finally, in Section 5, we study the 
asymptotic behavior of the solution to ()1.2|) as t ^ oo. The Lojasiewicz-Simon 
inequality will play an important role in the analysis. 

2. The Linear Problem 
In this section we deal with a linearized version of (|1.2p . 



dtu + A^u H 


- A(?7iw) 


= /i, 


t e J, 


X 


e ^, 


dtv — floAw 


+ mdtu 


= /2, 


t e J, 


X 


e ^, 




- dy{riiv) 


= 91, 


t e J, 


X 


e on, 




- 92, duV 


53, 


t e J, 


X 


e dn, 


«(0) = 


Uq, v{0) 


= Vq, 


t = 0, 


X 


e n. 



Here rji — 771(2;), 772 — i]2{x),ao ~ ao(x) are given functions such that 

(2.2) 771 e B^;^/P{n), r,2 e Blf'P{^V) and ap e C{Ti). 

We assume furthermore that ao(x) > cr > for all x G O and some constant cr > 0. 
Hence equation p.l|) n does not degenerate. We are interested in solutions 

u e Hl{j- Lp{n)) n Lp(j; H^in)) =-. Ei{t) 
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and 

V e HliJ;Lpin))nLpiJ;H^pin)) =: E^iT) 
of p.ip . By the well-known trace theorems (cf. Theorem 4.10.2]) 

(2.3) E,{T)^C{J;B^^;^/P{n)) and E^iT) ^ C{J; 31;'/^^, 

we necessarily have uq £ Bpp^^^{fl) =: X}^, vq G Bpp^^^{D,) =: and the com- 
patibility conditions 

d^AuQ + d^{riiVo) ^ gi\t=o, 9^uo=52|t=o, as weh as d^vo = g^lt^o, 

whenever p > 5, p > 5/3 and p > 3, respectively (cf. [6j Theorem 2.1]). In the 
sequel we will assume that p > (n + 2)/2 and p > 2. This yields the embeddings 

B^-^/p{n) ^ Hl{n) n c\n) and Bl-^'p{n) ^ H^{n) n cin). 

We are going to prove the following theorem. 

Theorem 2.1. Let n G N. C M" a bounded domain with boundary d^l € 
and let p > {n + 2)/2, p > 2, p =i 3,5. Assume in addition that rji G Bpp '^^^{n), 
r]2 G Bpp^^P (fl) and oq G C{Cl), ao{x) > a > for all x G Cl. Then the linear 
problem (|2.ip admits a unique solution 

{u,v) G H'piJo;Lpinf)nLpiJo;{H^pin) x H^pin))), 
if and only if the data are subject to the following conditions. 

(1) fij2eLpiJo;Lpin))=X{Jo), 

(2) g, G W^^'-'^'^{Jo;Lp{dn))nLp{Jo;W^-'^P{dn)) = ^(Jo), 

(3) 32 e iyp'/'~^/'P(Jo;ip(5n)) nLp(Jo; Wp'-'/^(9J7)) = y2(Jo), 

(4) 33 e l</'-'/'P(Jo;Lp(5f^)) nLp(Jo;T<"'/^(9r!)) = Y^iJo), 

(5) e i?pp"'/^(^^) = x],voe Blp^'^in) = 

(6) i9^Auo -I- d^{r]iVo) = gi\t=o, p> 5, 

(7) 9^wo = 52|t=o, d^vo = 33|t=o, p > 3. 

Proof. Suppose that the function u E Ei (T) in (|2.ip is already known. Then in a 
first step we will solve the linear heat equation 

(2.4) dtv - aoAv = /2 - mdtu, 

subject to the boundary and initial conditions d^v = gs and v(0) = vo- By the 
properties of the function ao we may apply |6l Theorem 2.1] to obtain a unique 
solution V G E2{T) of ([23), provided that /2 G Lp{J x f7), vq G Bpp'^^^{n), 

and the compatibility condition 9^uo = 53|t=o if p > 3 is valid. The solution may 
then be represented by the variation of parameters formula 

(2.5) v{t) = vi{t) - f e-^^'~'\2dtu{s) ds, 

Jq 

where A denotes the Lp-realization of the differential operator A{x) — —aQ{x)AN , 
An means the Neumann-Laplacian and e~"^* stands for the bounded analytic semi- 
group, which is generated by —A in Lp(fl). Furthermore the function vi G E2{T) 
solves the linear problem 

dtvi - aoAvi ^ f2, d^vi ^ gs, vi{0)^vo. 
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We fix a function w* £ Ei{T) such that w*|t=o — uo and make use of (12. 5|) and the 
fact that {u — w*)\t=a = to obtain 

v{t) = vi{t) + V2{t) - {dt + A)-^7j2dtiu - w*) 
with V2{t) := - /g e-^(*-^)?72atW*. Set v* = vi + V2 e E2{T) and 

F{u)^-{dt+A)-^T^2dt{u-w*). 
Then we may reduce (|2.ip to the problem 

5tu + A2M = AG(m) + /i, iGJ, xSf), 
ai.Au = di,G{u) + .gi, t e J, X e dQ, 

c'j/M = 52 t e J, X e oil, 

u{0) = uq, t — 0, X & il, 
where G(u) := -f]i{F{u) + v*). For a given T G (0,ro] we set 
oEi{T) ^ {u e Ei{T) : u\t^o ^ 0} 

and 

E„iT) := XiT)xYi{T)xY2iT) 
oEoiT) {(/, g, h) e Eo{T) : g\t=o = /i|t=o = 0}, 
where X{T) ip((0,T) x n), 

Yi{T) ■.= W^/^~'/^P{0,T;Lp{dn))nLp{0,T;W^-^/P{dn)), 

and 

y2(T) := W^/^-^/^P{0,T;Lp{dn))nLp{0,T;W^-'^P{dn)). 

The spaces Ei(T) and Eo{T) are endowed with the canonical norms | • |i and | • |o, 
respectively. We introduce the new function u := u — w* ^oEi{T) and we set 

F{u) -.^ ~{dt + A)-^i^2dtu 

as well as G{u) —rjiF{u). If u G Ei{T) is a solution of (|2.6p . then the function 
M GoEi{T) solves the problem 

Stu + A^u^ AG(m) + /i, iGJ, xGfl, 
^2 7^ = duG{u) +51, t e J, X £ dn, 

dvU = §2 t £ J, X £ dfl, 
u{0) =0, t = 0, X G 17, 

with the modified data 

fi ■■= fi - A{7nv*) - dtw* - A^w* G X{T), 
gi 51 - d^irjv*) - d^Aw* Gol^T), 

and 

52 :=92-d,w* eoY2iT). 

Observe that by construction we have 5i|t=o — and 52|t=o = if p > 5 and 
p> 5/3, respectively. 

Let us estimate the term AG{u) in Lp{J; Lp{il)), where u Go-Ei(r)- We compute 

+ 2|(V/'(u)|V77i)|i^(j.i^(a)) + \viAF{u)\L^(^j,LAn))- 
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Since rji G Bpp '^^^(fl) docs not depend on the variable t, we obtain 

\F{u)^Vl\Lp{J;Lp{Q)) < \^Vl\Lp{n)\F{u)\L^(J;L^m), 

|(VF(M)|Vr?i)U^(j;L^(n)) < \'^Vi\L^{n)\^Piu)\LM;LA^))' 

and 

|r/iAF(u)|j,^(j.ip(n)) < \vi\L^{n)\^F{u)\L^iJ;L^{n))- 
Therefore we have to estimate F{u) for each u €oEi (T) in the topology of the spaces 
Lp{J; Loo{^)) and Lp{J; Hp{il.)). Let u £ qEi and recall that F{u) is defined by 
F{u) = —{dt + A)~^r]2dtu. The operator {dt + A)~^ is a bounded linear operator 
from Lp{J-Lp{n)) to QHl{J;Lp{Vt)) n Lp{J;H^{n)) =oE2{T). Moreover, by the 
trace theorem and by Sobolev embedding, it holds that 

oi?i(J; n Lp{J- Him ^ C{J; Bl;'/P{n)) ^ C{J; 

Note that the bound of {dt + A)~-^ as well as the embedding constant do not depend 
on the length of the interval J = [0, T] c [0, Tq] = Jo, since the time trace at t = 
vanishes. With these facts, we obtain 

<T^/PC\{dt+A)-%dtU\E,iT) 

<T'^^C\m\L^^n)\u\E,iT). 

To estimate F{u) in Lp{J; we need another representation of F{u). To be 

precise, we rewrite F{u) as follows 

F{u) = -{dt + A)-^rj2dtU = -dl^^dt + Ay^dl^^imu). 

This is possible, since u Go-Ei(T). Now observe that for each u GqEi it holds that 
r]2U&oHl'^{J-Hl{9)). This can be seen as follows. First of all, it suffices to show 
that rj2U G I/p(J; H^{Q.)), since r]2 does not depend on the variable t. But 

|??2w|z,p(j;Hi(n)) < |%Vu|z,^(j;L^(n)) + |wVr?2U^(j;L^(n)) 

< C {\'n2\L^{n)\u\Er(T) + |M|Lp(J;Z,^(Q))|/?2|Hi(a)) 

< <^HE,(T)\ri2\Bl-^'^{ny 
and this yields the claim, since 

u eoHl{J;Lp{fl))nLp{J-H^{fl)) ^oH^/\J;H^{n)), 

by the mixed derivative theorem. It follows readily that dl^^{r]2u) €oHp^'^{J; Hp{Q)) 
and 

(dt + A)-\I + A)^^'dl^'(V2u) €oH^p/HJ;Lpm n„Hl^\j;Hlm. 

Since the operator (/ + A)^/^ with domain £)((/ + A)^/-^) = Hp{fl) commutes with 
the operator {dt + A)~^, this yields 

{dt + A)-^dy'{V2u) &nHl'\J;Hl{n)) n^Hl'\j-Hlm 
for each fixed u &qEi{T). By the mixed derivative theorem we obtain furthermore 

oHl'\j-Hl{n)) noHl/\J;H^m -^oHl'\j-Hl{n)). 
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Therefore 

F{u) = -dy\dt+A)-'dy\v2u) eoHl'%J-Hlm, 

and there exists a constant C > being independent of T > and u Go-E'i(r) such 
that 

l-^(")lffy^j;ff|(a)) ^ C\u\e,(T). 
for each u £qEi{T). In particular this yields the estimate 

l^(w)|Lp(j;//2(n)) < Ti/2P|/'(w)|i,^(j.^2(n)) 

by Holders inequality and C > does not depend on the length T of the interval 
J. We have thus shown that 

where we have set ^i(r) := T^f^P^i+T^f^P), Observe that ^i(T) ^ 0+ as T ^ 0+. 
The next step consists of estimating the term di,G{u) in oWp^^ ^^"'^(J; Lp{dil)) n 
Lp(J; Wp~^^^{dQ)). To this end, we recall the trace map 

0i/l/2( J. n Lp(J; H^{n)) ^oH/V4-l/4p(j. ^^(Qf^)) ^ J. wl^l/p^dQ)) 

for the Neumann derivative on dQ. Therefore, by the results above, it remains to 

~ 1/2 

estimate G{u) in oHp (J; Lp(il)). By the complex interpolation method we have 

for each w GoHp{J; Lp(f7)), and C > does not depend on T > 0. Using Holders 
inequality, this yields 

Finally we obtain the estimate 

l'^(")lffy^(J;L,(n)) ^ ^''^'''l^llioo(n)C|u|Ei(T), 

which in turn implies 

\d^G{u)\Y,{.j) < + |G(u)|i^(j.ff2(o)) < f^2iT)C\u\E^(T), 

where /X2(T) T^/ip(i + T^/ip) and /i2(T) ^ 0+ as T 0+. Define two operators 
L,B -.oEiiT) -^oEa{T) by means of 





'dtu + A'^u 




'AG{u) 


Lu :— 




and Bu :— 


d,G{u) 












With these definitions, we may rewrite p.7p in the abstract form 

Lu = Bu + f, /:=(/i,gi,.g2)eoSo(T). 

By [5J Theorem 2.1], the operator L is bijective with bounded inverse L~^, hence 
u Go-El (T) is a solution of (gj]) if and only if (/ - L-'^B)u = L'^ f . Observe that 
L~^B is a bounded linear operator from qEi{T) to qEi{T) and 

\L-'^Bu\e^(T) < \L^^\B{Eo{T),E^{T))\Bu\Ea{T) < (^1 (T) + ^2 (T))C|u|i5,(T) ■ 
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Here the constant C > as well as the bound of L^^ are independent of T > 0. 
This shows that choosing T > sufficiently small, we may apply a Neumann series 
argument to conclude that (j2.7l) has a unique solution u G oEi{T) on a possibly 
small time interval J = [0, T]. Since the linear system (j2.7p is invariant with respect 
to time shifts, we may set J = Jq. □ 



3. Local Well-Posedness 

In this section we will use the following setting. For Tq > 0, to be fixed later, 
and a given T e (0, To] we define 

Ei(r) := Ei{T) X E2{T), oEi(T) {{u,v) e Ei(T) : iu,v)\t=o = 0} 

and 

Eo(r) := X{T) X X(T) x Y,{T) x Y^iT) x Y^iT), 

as well as 

oEo(T) := {{fi, f2, 91,92,93) G ]Eo(T) : 9i\t=Q = 92\t=Q = 93\t=Q = 0}, 

with canonical norms | • |i and | ■ |o, respectively. The aim of this section is to find 
a local solution (V', 1?) G Ei(T) of the quasilinear system 

(9tV - = /i, /i = -AiP + - A'(?A)i?, teJ, xen, 

^3^^ 5t(6(^) + A(V))-A^ = /2, teJ, xGl), 

d^H = gi, = 92, d^-d = 93, t e J, x G dil, 

To this end, we will apply Banach's fixed point theorem. For this purpose let 
p> {n + 2)/2, p > 2, /i,/2 e X(ro), £ y,(0,ro), J = 1,2,3, Vo e and 
i^o £ -'^^ be given such that the compatibility conditions 

di^A^po - d^^'itpo) + di,{X'{tpo)^o) ^ -9i\t=o, di.ipo = 92\t=o and d^i3o = 93\t=o 

are satisfied, whenever p > 5,p > 5/3 and p > 3, respectively. In the sequel we will 
assume that A, (/) G C"'"(R), b e (73^(0, 00) and 6'(s) > for ah s > 0. Note that 
by the Sobolev embedding theorem we have i?o & C{fl) as well as 6'(i?o) 6 C(r2). 
Since i9 represents the inverse absolute temperature of the system, it is reasonable 
to assume 'doix) > for all a; e f2. Therefore, there exists a constant u > such 
tha.tdoix),b'iMx)) > cr > Oforaha; e Cl. We define oq (x) l/b'iMx)), Viix) = 
X'{ipo{x)) and 772(2;) = ao(a;)?7i(x). By assumption, it holds that oq G Bpp"^^^ (ft), 
m e Bp~^'^{n) and m e bI~'^'^{VL), cf. [H Section 4.6 & Section 5.3.4]. 

Thanks to Theorem 12.11 we may define a pair of functions £ Ei(ro) as 

the solution of the problem 

dtu* + A^u* + A{7^iv*) ^ te [0,To], xen, 

dtv* - aoAv* + mdtu* = ao/2, t G [0,To], x e il, 

.32) a,A?/* +a,(77i«*) = -gi -e-^'*.go, t £ [0, To], a; £ <91], 

a^w* =52, i e [0,To], a; £ On, 
duv* =93, te [0,To], a;£5f). 
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where B = — Ago is the Laplace-Beltrami operator on dH. and e ^ * is the analytic 
semigroup which is generated by —B^. Furthermore go = if p < 5 and go = 
-gi|t=o - (9i.A-0o + d^{?]idQj) if p > 5. 

Define a Unear operator L :oEi(To) -^oE,q{Tq) by 

dtu + A^u + 771 Aw 
dtv — aoAv + r]2dtu 
L(u, v) = di,Au + du{r]iv) 

Then, by Theorem l2.1i the operator L : qEi (To) oEo (To) is bounded and bijective, 
hence an isomorphism with bounded inverse L^^. For all {u,v) £q¥^i{T) we set 

Gi{u,v)^{X'{'4,o)-X'{u))v + ^'{u), 

G2(u, v) = (aoA'(V'o) - a{v)X'{u))dtu - {gq - a{v))Av - {uq - a{v))j2, 
where a{v{t,x)) = l/b'{v(t,x)) and gq — a{'&o)- Lastly we define a nonlinear 
mapping G : Ei(T) XoEi(T) ^oIEo(T) by 

AGiiu + u*,v + v*) 

G2{u + U* ,V + V*) 

d„Gi{u + u* ,v + V*) - go 





G{{u*,v*);{u,v)) 



where go = if p < 5 and go = e ^^*9yGi(V'o, ^^o) if p > 5. Then it is easy to see 
that ip = u + u* e Ei{T) and ■& = v + v* e E2{T) is a. solution of (|1.2p if and only 
if 

L(u,i;) = G{{u*,v*y,{u,v)) 

or equivalently 

{u,v) ^'L-^G{{u*,v*);{u,v)). 
In order to apply the contraction mapping principle we consider a ball B/j = B)j x 
B|j. C oIEi(T), where R G (0,1]. Furthermore we define a mapping T : Mji — 5- 
oEi(r) by T{u,v) = L-iG((u*,D*); (u,^)). We shall prove that TTBi^ c Mr and 
that T defines a strict contraction on Mr. To this end we define the shifted ball 
Mr{u*,v*) =M]^iu*) xMliv*) cEi{T) by 

Mr{u*,v*) = {(u,t;) eEi(r) : = (li, li) + (u*, i;*), {u,v) eMr}. 

To ensure that the mapping G2 is well defined, we choose Tq > and i? > 
sufficiently small. This yields that all functions v G B|.(w*) have only a small 
deviation from the initial value do. To see this, write 

\M^)-vit,x)\ < \Mx)-v*{t,x)\ + \v*{t,x)~vit,x)\ <fi{T) + R, 

r) is defined by 

v*it,x)-Mx)\- 



for all functions v £ B'^(i;*), where /i = fJ-{T) is defined by 



max 

(t,a;)e[0,T]xa 



Observe that /i(T) — > as T 0, by the continuity of v* and i?o- This in turn 
implies that v{t,x) > cr/2 > and h'{v{t,x)) > cr/2 > for {t,x) G [0,r] x VL 
and all S B^(z)*), with Tq > 0, i? > being sufficiently small. Moreover, for all 
v,v £ B^(t;*) we obtain the estimates 

(3.3) \a{Mx))~a{v{t,x))\ < C\Mx) ' v{t,x)\ 
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and 

(3.4) \a{v{t,x)) ~ a{v{t,x))\ < C\v{t,x) - v{t,x)\, 

valid for all {t, x) G [0, T] x f2, with some constant C > 0, since b' is locally Lipschitz 
continuous. 

The next proposition provides all the facts to show the desired properties of the 
operator T. 

Proposition 3.1. Let n e N and p > {n + 2)/2, p > 2, 6 e C'^-{Q,(x,), h'{s) > 
for all s > 0, A, $ G C^^(R) and ^o{x) > for all x G Then there exists a 
constant C > 0, independent of T , and functions fij = fJ-j{T) with fJ.j{T) — > as 
T — )■ 0, such that for all (u, v), (u, v) G Bjj(w*, v*) the following statements hold. 

(1) \AGiiu,v)-AGiiu,v)\x(T) < i^iliT) + R)\iu,v) - iu,v)\E,iT), 

(2) \G2{u,v) - G2{u,v)\x(T) < C{pL2{T) + R)\{u,v) - {u,v)\^^(t), 

(3) \d,Gi{u,v) - dMi{u,v)\Y,(^T) < Gifi3iT) + R)\{u,v) - (w,«)|e,(t)- 

The proof is given in the Appendix. 

It is now easy to verify the self-mapping property of T. Let {u,v) G B/?. By 
Proposition 13.11 there exists a function /i — /i(T) with /i(T) ^ as T ^ such 
that 

\nu,v)\i = \h-^G{{u*,v*),{u,v))\, < \h-^\\G{{u*,v*),{u,v))\„ 

< Ci\G{{u*,v*), {u, v)) - Giiu*,v*), (0,0))|o + |G((u*,^;*), (0, 0))|o) 

< CQAGiiu + u* ,v + V*) - AGi{u* ,v*)\x(T) 

+ \G2{U + U*,V + V*) - G2{u*,V*)\x(T) 

+ \dMiiu + u*,v + v*) -dMiiu*,v*)\Y,(T) 
+ \G{{u*,v*),{0,0))\o) 

< C{fi{T) + R}\{u, v)U + \G{{u*,v*), (0, 0))|o 

< C(/i(T) + R}R + \G{{u*,v*), (0, 0))|o. 

Hence we see that 7TB _r C Mr if T and R are sufficiently small, since G{{u* ,v*), (0, 0)) 
is a fixed function. Furthermore for all {u, v), (u, v) G Mr we have 

\nu,v)-nu,v)\, = \h-\Giiu*,v*)Au,v))-Giiu*,v*),iu,v)))\i 

< \h-'\\G{{u*,v*),{u,v)) - Giiu*,v*),{^i,v))\o 

< C{\AGi{u + u*,v + v*)- AGi{u + u*,v + v*)\x(T) 

+ \di,Gi{u + u* ,v + V*) - duGi{u + + v*)\y^(t) 

+ \G2{U + U*,V + V*) - G2{U + U* ,V + V*)\x{T)) 

<C{^L{T) + R)\{u,v)^{u,v)\^. 

Thus T is a strict contraction on Mr, if T and R are again small enough. Therefore 
we may apply the contraction mapping principle to obtain a unique fixed point 
(m, v) G Mr of T. In other words the pair (■0, i?) = (u + u* ,v + v*) G Ei(T) is the 
unique local solution of (jl.2p . We summarize the preceding calculations in 

Theorem 3.2. Lei n G N, p > (n + 2)/2, p > 2, p 7^ 3, 5, 6 G (7^^(0,00), 
6'(s) > for all s > and let A, $ G C'*^(M). Then there exists an interval 
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J = [0,r] C [OjTo] — Jo and a unique solution of (|1.2p on J, with 

i;eH;,iJ;Lp{n))nLp{J;H^{n)) 

and 

-& G Hl{J;Lp{n))nLp{J;H^p{n)), > for all {t,x) G J x Q, 

provided the data are subject to the following conditions. 

(1) fij2eLp{Joxn), 

(2) 51 e W^^''-'^'P{Jo;Lp{dn))nLp{Jo;W^-'^P{dn)), 

(3) 52 G W^^'~'^'''{Jo;Lpidn))nLp{Jo;W^-'^''{dn)), 

(4) 53 e W^p^/'-^/'P(Jo;Lp(a^l))nip(Jo;<-'/^(ai])), 

(5) Vo e B^p^^^in), do e SpV'^'(f^), 

(6) a,AV'o-5,$'(V'o)+<9,(A'(^o)t?o) = -gi|t=o, */p>5, 

(7) 9^Vo = 52|t=o, i9i.^^o =_53|t=o, ifp>i, 

(8) i?o(a:) > /or aZ/ x G O. 

r/ie solution depends continuously on the given data and if the data are independent 
oft, the map (i/'Oii^o) ^ {'4'i'^) defines a local semifiow on the natural (nonlinear) 
phase manifold 

Mp {(^o,i?o) e X . and do satisfy 6. - 8.}. 

4. Global Well-Posedness 

In this section we will investigate the global existence of the solution to the 
conserved Penrose-Fife type system 

dtip - = 0, /i = -A^/' + - A'(V')i9, t > 0, a; e 17, 

9t + A(^)) - Ai9 = 0, t > 0, a; G r?, 

= 0, a^v = 0, a^?9 = 0, t > o, x g afi, 

with respect to time if the spatial dimension n is less or equal to 3. Note that 
the boundary conditions are equivalent to (9^t9 = d^ip = d^AiJj = 0. A successive 
application of Theorem 13.21 yields a maximal interval of existence Jmax = [0, Tlnax) 
for the solution {^P, d) G Ei{T) x E2iT) of gl]), where T G (0, T^ax)- In the sequel 
we will make use of the following assumptions. 

(HI) <& G C"*~(IR) and there exist some constants Cj > 0, 7 > such that 

for all s G M, where ry < Ai with Ai being the smallest nontrivial eigenvalue 
of the negative Laplacian on n with Neumann boundary conditions and 
7 < 3 if n = 3. 

(H2) A G C"*"(R) and A", A'" G ioc(R)- In particular, there is a constant c > 

such that |A'(s)| < c(l + \s\) for aU s G R. 
(H3) b G C'^~ ((0, 00)), b'{s) > on (0,oo) and there is a constant k > 1 such 

that 

- < 'd{t,x) < K 
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on Jmax X n. In particular, there exists a > I such that 
- < b'{^{t,x)) < a, 

(7 

on (/max ^ 

Remark: Condition (HI) is certainly fulfilled, if $ is a polynomial of degree 2m, 
m < 3. 

We prove global well-posedness with respect to time by contradiction. For this 
purpose, assume that T^ax < oo. Multiply dttp — ^^J■ by ^ and integrate by parts 
to the result 

^^■^^ Jt + X ^^"^^ '^'') + '^'''2 - ^ ^'W^dt^P dx = 0. 

Next we multiply (|4.iP o by 1} and integrate by parts. This yields 

(4.3) / M{d)dt'd dx + + [ X'{ip)ddt'ilj dx = 0. 
Jn Jn 

Set 13' (s) = s6'(s) and add (|42|) to (|43| to obtain the equation 

(4.4) ^ (^|V^|2 + ^ $(^) dx + J^ m dx) + \\7^i\l + = 0. 
Integrating (|4.4p with respect to we obtain 

(4.5) E{ij{t),m)+ r(|VA*(s)|^ + |Vi?(s)|2) dt = iJ(Vo,^o), 

Jo 

for all i e ./max: where 

£'(u,i;) ;=i|VM|^+ / ^{u) dx + / ^(w) dx. 
2 Jn Jn 

It follows from (HI) and the Poincare-Wirtinger inequality that 
J / |V^(t)p dx + ^ [ \Vm\' dx+ [ <^{m) dx 



>U \s7m\'dx+ ^^ "^ imii-c^in' 



since by equation dtip ~ ^fJ- and the boundary condition 9^/1 = 0, it holds that 

^p{t,x) dx = Ipoix) dx, t e Jmax- 



Hence for a sufficiently small e > we obtain the a priori estimates 

(4.6) ^eLoo(Jmax;//l(^^)) and | V/ll, |Vz9| £ L2( Jmax; i2(r!)), 

since j3{'d{t,x)) is uniformly bounded on Jmax x by (H3). However, things are 
more involved for higher order estimates. Here we have the following result. 

Proposition 4.1. Let n <3, p > {n + 2)/2, p > 2 and let (ip,^) be the maximal 
solution of (j4.ip with initial value t/jQ G Bpp"^^^ (fl) and "do G Bpp'^^^{fl). Suppose 
furthermore b e C''^"(0,oo), 6'(s) > for all s > 0, A, $ G (R) and let (Hl)- 
(H3) hold. 

Then tp G Loo(Jmax x n) and d G Hl{J,-^^^]L2{^)) n Loo( Jmax; Z/^^^))- More- 
over, it holds that dttp G Lr{Jmax X Q), where r :— min{p, 2(?i + 4)/n}. 
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Proof. The proof is given in the Appendix. 

□ 

Define the new function u — b{-d). Then u satisfies the nonautonomous hnear 
differential equation in divergence form 

(4.7) dtu-div{a{t,x)Vu) = f, 

subject to the boundary and initial conditions d,yU — and u(0) — 6('i?o) =■ uq, 
where a{t,x) := l/b'{'d{t,x)) and / := -X' {ip)dtil^. With (H3), the regularity of 
from Proposition 14. II carries over to the function u; in particular uq £ Bpp ^^^(17). 
This yields, that u is a weak solution of (j4.7|) in the sense of Lieberman [TT] & 
DiBenedetto [7], and u is bounded by (H3). 
Furthermore, by (H3) 

< — < a{t, x) < a < oo, 
a 

for all {t, x) £ Jmax X ^- Note that by Proposition l4 . II it holds that / = —\'{tp)dttp € 
LriJmax X ft), r :— min{p, 2(n + 4)/n} . Consider the case r = 2(n + 4)/n. Then it 
can be readily checked that 

n + 2 2(n + 4) 

< ^ = r 



2 n 

provided n < 5. It follows from Lieberman 11 & DiBenedetto [7J that 
there exists a real number a G (0,1/2) such that u G C°'''^°'{flT^^^), provided 
/ e Lp{J^^^ X n) and p> {n + 2)/2. Here C"'2"(II^~) is defined as 

C-"(S5-),M„.C(I5-)^ r^^FH?^^"^ 

(t,K),(s,y)GaT„,, F ~ + F - V\ 

and we have set fiT„,ax — (0' 2^max) x The properties of the function h then yield 
that d ~ b^^{u) G (^"'^"(r^T^iix)- 8- next step we solve the initial-boundary value 
problem 

dt'd — a{t, x)A'd — g, i G Jmax, x E il, 

(4.8) = 0, te Jmax, X G 

i?(0) = z?o, t = 0, a; G rJ, 

with 5 :^ -a{t,x)X'{^/j)dtip G Lr(Jmax x fi) and r = 2(n + 4)/n > (n + 2)/2. By 
[6l Theorem 2.1] we obtain 

l9 e i?,'( Jmax; Lrin)) H X.(Jmax; Jr'(^^)), 

of (|4?8l) . since 

At this point we use equation (j6.8p from the proof of Proposition 14.11 to conclude 
i9t'0 G ^s(Jmax X ri), with s = min{p, (/} where q is restricted by 

1 1 2 

- > ■ 

q r n + 4 

For the case r = 2{n + 4)/n, this yields 

1 71-4 

q - 2{n + 4) ' 
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i.e. q may be arbitrarily large in case n < 3 and we may set s — p. Now we solve 
(|4.8p again, this time with g g ip(Jmax x il), to obtain 

and therefore i?(T'max) G -Bpp ^^^(il) is well defined. Next, consider the equation 

+ = A$'(?A) - A(A'(V')i?), 

subject to the initial and boundary conditions V''(0) = V'o and di,^/j = d^A^ = 0. 
By maximal Lp-regularity there exists a constant M = M( Jmax) > such that 

(4.9) |V|b,(t) < M(l + |A$'(V')|x(T) + |A(A'(V)i5)|x(T))- 

for each T e Jmax- Since G i?2(rmax) we may apply [13 Lemma 4.1] to the result 

(4.10) |A$'(V')|x(T) + |A(A'(V)i?)|x(T) < c(i + mkm). 

with some (5 £ (0,1) and C > being independent of T e Jmax- Combining (14. 9p 
with (|4.10l) . we obtain the estimate 

which in turn yields that |V'|£;i(t) is bounded as T Tlnax, since S S (0,1). 
Therefore the value V'(7max) £ Bpp ^^^(J7) is well defined and we may continue the 
solution {ipj beyond the point Tmax, contradicting the assumption that Jmax = 
[0,rmax) is the maximal interval of existence. We summarize these considerations 
in 

Theorem 4.2. Let n < 3, p > (n + 2)/2, p > 2 and p ^ 3,5. Assume that 
(H1)-(H3) hold. Then for each Tq > there exists a unique solution 

G H^iJo;Lp{n))nLpiJo;H^in)) = E,{To) 

and 

^ G H^{Jo;Lp{n))nLp{Jo;H^{n)) - E2{To), 
of (jl.2p . provided the data are subject to the following conditions. 

(1) V-o G Btp^/p{n), do G Blp'^^in); 

(2) 5,A^o = 0, ifp>5, 9.Vo=0; 

(3) d^^Q = 0, ifp > 3, i?o(a;) > for all xen. 

The solution depends continuously on the given data and the map (ipo, i?o) '-^ d) 
defines a semiflow on the natural phase manifold 

Mp := {(V'o,^?o) G B^~^^P{n) X 2/p(^) . ^^^^^jy 3. & 3.}. 

5. Asymptotic Behavior 

Let n < 3. In the following we will investigate the asymptotic behavior of global 
solutions of the homogeneous system 

dt^ - A^ = 0, ^ = -Alp + $ 



(5.1) 



) - x'W^, 


t > 0, 


X 




- Ai9 = 0, 


t > 0, 


X 


e n, 


d^fi = 0, 


i > 0, 


X 


G on, 


= 0, 


t > 0, 


X 


G 


d^d = 0, 


t > 0, 


X 


G on, 


^9(0) = t?o, 


i = 0, 


X 


e n, 
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as t — > cx). To this end let {tpojdo) G -Mp, p > {n + 2)/2, p > 2 and denote by 
{ilj{t),'d{t)) the unique global solution of (|5.ip . In the sequel we will make use of 
the following assumptions. 

(H4) b G C'^" ((0, oo)), b'{s) > on (0,oo) and there is a constant k > 1 such 
that 

- < < K 

K 

on Jinax X In particular, there exists a > 1 such that 

- < b'{^{t,x)) < cr, 
a 

on Jmax X fl. 

(H5) The functions $, A and b are real analytic on M. 
We remark that assumption (H4) is identical to (H3) for a global solution. We 
stated it here for the sake of readability. 

Note that the boundary conditions (|5.1|) o g yield 

4'{t,x) dx = I iPq{x) dx, 
and 

{b{i}{t, x)) + Xi^Pit, x))) dx= [ (biMx)) + KM^))) dx. 
I Jn 

Replacing ip hy ip = ip — c, where c := i/Joix) dx we see that J^tjj dx = 0, if 

$(s) and A(s) are replaced by l>(s) — $(s + c) and A(s) = A(s + c), respectively. 
Similarly we can achieve that 

{b{^{t,x)) + X{^{t,x))) dx = 0, 
by a shift of A, to be precise A(s) := A(s) — d, where 

d-=lkl [ {b{M^)) + XiMm dx. 



With these modifications of the data we obtain the constraints 

(5.2) i;{t,x)dx = and {b{d{t,x)) + X{i;{t,x))) dx = 0. 

Jn Jn 

Recall from Section 0] the energy functional 

E{u, v) = i|Vu|2 + / dx+ [ I3{v) dx, 
2 Jn Jn 

defined on the energy space V = Vi x V2, where 

Vi := |m e H^{n) : J udx^O^, ¥2:= H^{n), r £ (n/4, 1). 

and V is equipped with the canonical norm := + It is 

convenient to embed V into a Hilbert space H = Hi x H2 where 

Hi := e L2{n) : j u = o| and H2 := L2{n). 

Proposition 5.1. Let {ip^'d) (z Ei x E2 be a global solution of (|5.ip and assume 
(Hl)-(Hi). Then 
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(1) ^ e Loo{^+-Hl'{n)), s e [0, 1), p e (l, oo), a*^ e L2(M+ x n); 

(2) i9 G Loo(M+;-ff2'(^^)), <9ti9 G i2(R+ x n). 

In particular the orbits and z9(M_|_) are relatively compact in H2{^) and 

i?2(^), respectively, where r G [0, 1). 

Proof. Assertions 1 & 2 follow directly from (H1)-(H4) and the proof of Proposition 
14.11 which is given in the Appendix. Indeed, one may replace the interval Jmax by 
M+, since the operator —A^ = — generates an exponentially stable, analytic 
semigroup e~"^ * in the space 

Xp := {u G Lp{n) : / u dx ^ 0} 
Jn 

with domain 

= {m g Hp (O) n Xp : d^u = d^Au = on dn}. 

□ 

By Assumption (H4), there exists some bounded interval C M+ with ■d{t, x) G 
for alH > 0, a; G fi. Therefore we may modify the nonlinearities b and /3 outside 
in such a way that 6, /? G ~ (R). 

Unfortunately the energy functional E is not yet the right one for our purpose, 
since we have to include the nonlinear constraint 

/ (A(V') + dx^O, 

into our considerations. The linear constraint J^ip dx — is part of the definition 
of the space Hi. For the nonlinear constraint we use a functional of Lagrangian 
type which is given by 

L{u, v) = E{u, v) — vF{u, v), 

defined on V, where F{u,v) := J^^{X{u) + b{v)) dx and iD — jff^ JqW dx for a 
function w G Li(fl). Concerning the differentiability of L we have the following 
result. 

Proposition 5.2. Under the conditions (H1)-(H4-), the functional L is twice con- 
tinuously Frechet differentiable on V and the derivatives are given by 

(5.3) {L'{u,v)Ah,k))v^y ^ 

{E'{u, v), {h, k))v',v - kF(u, v) - v{F'{u, v), (h, k))v,v 

and 

(5.4) {L"{u,v){hiM),{h2M))v'.v - {E"{u,v){hiM).{h2M))v',v- 

ki{F'{u,v), {h2,k2))v',v - k2{F'{u,v), (hi, ki))v-y- 

v{F"{u,v){hi,ki), (/i2, fc2))y*,y, 

where {h, fc), {hj, kj) G V, j = 1, 2, and 

{E'{u,v),{h,k))v'.v ^ / VuVhdx+ / ^'{u)hdx+ / I3'{v)kdx, 
Jn Jn Jn 
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{E"{u,v){hi,ki),{h2,k2))v',V = 

I VhiVh2dx+ I <P" {u)hih2 dx + [ P"{v)kik2 dx, 
Jq Jn Jq 

(F'{u,v),{h,k))v',v = I \'{u)hdx+ [ b'{v)k dx 
Jn Jn 



{F"iu,v){hi,ki),ih2,k2)}v',v = / X"{u)hih2dx+ / h"{v)kik2dx. 



and 



Proof. We only consider the first derivative, the second one is treated in a similar 
way. Since the bilinear form 



(5.5) 



a{u,v) := / Vu{x)Vv{x) dx 
Jn 



defined on Vi x Vi is bounded and symmetric, the first term in E is twice continu- 
ously Frechet differentiable. For the functional 

Gi{u) := / dx, ueVi, 

Jn 

we argue as follows. With u,h Q Vi it holds that 
+ h{x)) - $(u(x)) - <^'{u{x))h{x) 

= I ^ <^{u{x) + th{x)) dt - [ ^' {u{x))h{x) dt 
Jo dt Jq 

(<l>'iu{x) + th{x)) - ^' {u{x))^h{x) dt 
r-l ft ^ 

^'{u{x) + sh{x))h{x) ds dt 



Jo ds 



= 11 ^"{u{x) + sh{x))h{xf ds dt 
Jo Jo 

= [ <P"{u{x)+sh{x))h{xf{l-s)di 
Jo 



From the growth condition (HI), Holder's inequality and the Sobolev embedding 
theorem it follows that 

j ($(u(a;) + h{x)) - $(u(x)) - $'(u(a;))/i(x)) dx 

<C f {1 + \uix)\^ + \hix)\^)\h{x)\^ dx 
Jn 

<C{l + \u\t+\h\t)\h\l 

This proves that Gi is Frechet differentiable and also G[{u) = $'(u) G Lq/^{Q) ^ 
V* . The next step is the proof of the continuity of G'^ : V\ — > . We make again 
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use of (HI), the Holder inequality and the Sobolev embedding theorem to obtain 

\G'M-G[{u)\v,' 

1 ~ 

<c([ [ \^"{tu{x) + {l-t)u{x))\i\u{x)-u{x)\i dtdx 
\Jn Jo 

5 

< C (1 + |u(a;)|^ + \u{x)\^)\u(x} - 7i(x)|t dx^ 

< C (^1^(1 + \u{x)f + \u{x)f) dx^ ' (^J^ \u{x) - u{x)\' 

<C(l + K + |0|z*-M|y,. 

Actually this proves that G[ is even locally Lipschitz continuous on Vi . The Prechet 
differentiability of G'l and the continuity of G" can bo proved in an analogue way. 
The fundamental theorem of differential calculus and the Sobolev embedding the- 
orem yield the estimate 



\^'{u + h)- - 'S>"{u)h\v,' 



<C 



f f \^"'{u{x) + sh{x))\i\h{x)\^ ds dx 

JQ, Jo 



We apply Assumption (HI) and Holder's inequality to the result 
|$'(u + h)- $'(w) - $"(w)/i|v^. 

<c( I (1 + \u{x)\^ + \h{x)\^)\h{x)\^ dx 



<C\^J {1 + \u{x)\'' + \hix)\^) dxj l^J \h{x)\'' dx 

= Cil + \u\'y^+\h\l.J\h\l^. 

Hence the Frechet derivative is given by the multiplication operator G'({u) defined 
by G'l{u)v = ^"{u)v for all v € Vi and $"(u) e Z/3/2(fi). We will omit the proof 
of continuity of G'{. The way to show the C^-property of the functional 



G2{u) := / A(w(x)) dx, u e Vi, 
Jq 



IQ 

i2 



is identical to the one above, by Assumption (H2). Concerning the C -differentiability 
of the functional 

G3iv):= [ Piv{x)) dx and G4(u) := / b{v{x)) dx, veV2, 
Jq Jq 

one may adopt the proof for Gi and G2. In fact, this time it is easier, since /3 and b 

are assumed to be elements of the space (M), however one needs the assumption 

r G {n/4, 1). Wc will skip the details. Finally the product rule of differentiation 

yields that L is twice continuously Frechet differentiable on Vi x V2. 

□ 



CONSERVED PENROSE-FIFE TYPE MODELS 



19 



The corresponding stationary system to ()5.ip will be of importance for the forth- 
coming calculations. Setting all time-derivatives in (|5.ip equal to yields 

A/i = and Ai) = 0, 

subject to the boundary conditions — dud — 0. Thus we have /i = /ioo = const, 
1? = ??oo = const and there remains the nonlinear elliptic problem of second order 



(5.6) 



-Ai/'oo + *'(V'oo) - A'(V'oo)t?oo = Moo, xen, 

dv^oo =0, X £ dVl, 



with the constraints (|5.2p for the unknowns "ipoo and -dao ■ The following proposition 
collects some properties of the functional L and the w-limit set 

:= {{^,e) eVixV2:3 (i„) / oo s.t. 

(^(i„),79(i„))^('/^,0) in\^i x^a}. 

Proposition 5.3. Under Hypotheses (H1)-(H4-) the following assertions are true. 

(1) The uj-limit set is nonempty, connected and compact. 

(2) Each point {ipoc'&oo) G '^(V', t?) is a strong solution of the stationary prob- 
lem (|5.6p . where i?oo,/^oo = const and ('0oo,'!?oo) satisfies the constraints 
()5.2p /or i/ie unknowns i?oo , /^oo • 

(3) T/ie functional L is constant on uj{ijj, and each point {ipoo, ^oo) G '^(V^i 'J) 
is a critical point of L, i.e. i'(V'cx), "i^oo) =0 in V* . 

Proof. The fact that uj{ip, i?) is nonempty, connected and compact follows from 
Proposition 15.11 and some well-known facts in the theory of dynamical systems. 

Now we turn to 2. Let (^oc^^oo) G '^(V'l'^)- Then there exists a sequence 
(tn) Z' +CXD such that (V'(i„), i?(tn)) (V'ooji^oo) in F as n — >• cx). Since dt^^dtd G 
Lii^j^ X f2) it follows that -(/"(in + s) ^> V^oo and i9(<„ -I- s) — >■ i?oo in i2(i^) for all 
s e [0, 1] and by relative compactness also in V . This can be seen as follows. 

\l\){t.a + s) - V'oob < \'^{tn + s) - ■0(t„)|2 + |?A(tn) ^ '0oo|2 

< / \dt^{t)\2 dt + l^itn) - ^o.\2 

rt„+s X 1/2 



< s'/' (^^ " \dtm\l dt^ + |V(t„) - 



Then, for t„ — i> oo this yields ip{tn + s) ^poo for all s £ [0, 1]. The proof for d is 
the same. Integrating (|4.4p with /i = /2 = from t„ to i„ + 1 we obtain 



£;(^A(in + l),ditn + 1)) - E{i;{tn), i9(t„)) 

+ / /" (|V/x(t„ + s,a;)p + |Vi9(t„ + s,x)p) da; ds = 0. 
Jq Jn 

Letting t„ — > +oo yields 

|VM(t„ + •, •)!, |V^9(<„ + •, Ol ^ in L2([0, 1] X ^2). 

This in turn yields a subsequence {tn^ ) such that \/^{tnk + •?), Vz9(t„^ -I- s) — 
in L2(f^;K") for a.e. s G [0,1]. Hence Vdoo = 0, since the gradient is a closed 
operator in L2{^;M."). This in turn yields that §oo is a constant. 
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Furthermore the Poincare-Wirtinger inequahty imphes that 

\n{tn^ + S*) - ^(t„, + S*)|2 
< Cp[\^fl{tn, + S*) - VAi(i„, + S*)\2 + \<^'mn, + S*)) - $'(^(t„, + S*))\ dx 

+ f |A'(V(t„, + s*))^(tn, + s*) - A'(^(t„, + + s*)\ dx, 

for some s* £ [0, 1]. Taking the hmit k,l ^ oo we see that nitn^. + s*) is a Cauchy 
sequence in L2(^): hence it admits a hmit, which we denote by iioc- In the same 
manner as for i^oo we therefore obtain V/ioo = 0, hence i^oo is a constant. Observe 
that the relation 

" 1^ (/ ~ A'(V'oo)i9oo) dx^ 

is vahd. Multiplying (IS.ip ^ by a function ip G H2{^1) and integrating by parts we 
obtain 

As i„j, — 5- cxD it follows that 

(5.7) ifioo, V)2 = (VV'oo, V(^)2 + (^'(V'oo), </?)2 - iJooCA'CV'oo), ¥')2. 

By the Lax-Milgram theorem the bounded, symmetric and elliptic form 

a{u,v) :~ / VwVw dx, 
Jn 

defined on the space Vi x Vi induces a bounded operator A : Vi V{ with 
nonempty resolvent, such that 

a{u,v) = {Au,v)v-^'yi, 

for all € Vi X Vi. It is well-known that the domain of the part Ap of the 

operator A in 

Xp = {ue Lp{n) : / udx^O} 
Jn 

is given by 

D{Ap) = {ueXpn Hl[n), d,u = 0}. 

Going back to (|5.7p we obtain from (HI) and (112) that i/joo G D{Aq), where q = 
6/(/3 + 2). Since q > 6/5 we may apply a bootstrap argument to conclude t/joo G 
D{A2). Integrating (|5.7p by parts, assertion 2 follows. 
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In order to prove 3. , we make use of (|5.3p to obtain 

(i'(^oo,^oc),(^fc))y*,y 

= (£;'(^oo, i?oo), (/i, k))v-'y - ^ooiF'i^Po., i?oo), k))v',v 



- ^oo / (A'(V'oo)/i + &'(i9oo)fc) 

/^oo/i dx — 0, 

for all {h, k) G V, since and i?oo are constant. A continuity argument finally 
yields the last statement of the proposition. 

□ 

The following result is crucial for the proof of convergence. 

Proposition 5.4 (Lojasiewicz-Simon inequality). Let {ipoo,'&oo) G '^{i'l'^) o.nd 
assume (H1)-(H5). Then there exist constants s G (0, C, (5 > such that 

\L{u,v) - L{^^,d^)\^-' < C\L'iu,v)\v', 
whenever \{u,v) ~ {ipoo,i}oo)\v < S. 

Proof. We show first that dim N (L" {tpoo , i^od)) < oo- By (|5.4p we obtain 

(L" (l/joo , -t^cx) ) (^1 , ^1 ) , (^2 , ^2 )) \/* ,y 

= / VhiVh2 dx+ ^" {'ipoo)hih2 dx + / 13" {d ^)kik2 dx 
- ki (A'(?/'oo)/i2 + 00)^2) dx 



-k2 / {X'{iJoo)hi+b'{doo)ki) dx 

f (A"(^oo)/^i/i2 + 6"(i9oo)fcifc2) dx. 

Since /3"(s) — b'{s) + sb"{s) and -ffoo = const we have 
(L"(V'cx),l?oo)(/ll, fci), (^2, k2))v',v 

= / V/iiV/i2 / {^"{ilj^)hi-k^\'{^Poo)~'&ocX"{i;oc)hi)h2dx 



+ / (fo'0?oo)(A:i - 2ki) - X'iiPoo)hi)k2 dx 
Jn 

for aU ihj,kj) e If e 7V(i"(V'oo, i^oo)), it follows that 



b'i^oo){ki - 2ki) - X'{^^)hi ^ 0. 
It is obvious that a solution fci to this equation must be constant, hence it is given 

by 
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where we also made use of (H4). Concerning hi we have 

(5.9) {Ahi, h2)vi.v, = I (fciA'(^oo) + i?ocA"(V'oc)/ii - $"(V'oo)/ii)/i2 dx, 

Jn 

since ki is constant. By Proposition 15.31 it holds that ■0oo G D{A2) ^ Loo{^), 
hence Ahi € Hi, which means that hi E D{A2) and from (15.91) wc obtain 

A^hi + P($"(^oo)/Ji - ^ooX"{i'oo)hi - kiX'i^^)) = 0, 

where P denotes the projection P : H2 ^ Hi, defined by Pu = u — u. It is 
an easy consequence of the embedding D{A2) ^ Loc{^) that the linear operator 
B : Hi ^ Hi given by 

Bhi = P($"(V'oo)/ll - ^ocA"(Voc)/ll - fclA'(^oo)) 

is bounded, where ki is given by (|5.8I) . Furthermore the operator A2 defined in 
the proof of Proposition 15.31 is invertible, hence A^^i? ; Hi — > D{A2) is a com- 
pact operator by compact embedding and this in turn yields that (/ + A'^'^B) is 
a Fredholm operator. In particular it holds that dimiV(/ + A^^B) < 00, whence 
N{L"{tl>oo,'&oo)) is finite dimensional and moreover 

iV(L"(Voc,^9co)) C D{A2) X {H^{n) n Loo(f^)) ^ x L^{fl). 

By Hypothesis (H5), the restriction of L' to the space D(A2) x {H2{^) H Loo(f^)) 
is analytic in a neighbourhood of {'ijjoc,,9oo)- For the definition of analyticity in 
Banach spaces we refer to [5j Section 3]. Now the claim follows from '5', Theorem 
3.10 & Corollary 3.11]. 

□ 

Let us now state the main result of this section. 

Theorem 5.5. Assume (H1)-(H5) and let {ip,'d) be a global solution of ()5.ip . Then 
the limits 

Van 'il'{t) —: ipoo, o,nd lim dlt) —: iJoo = const 

exist in H2{i^) and H2{i^), r G (0, 1), respectively, and (ipooj^oo) is a strong solu- 
tion of the stationary problem (|5.6p . 

Proof. Since by Proposition 15.31 the w-limit set is compact, we may cover it by 
a union oi finitely many balls with center {j~Pi,9i) S ui[ip,d) and radius 5i > 0, 
i — 1, . . . , N. Since L{u, v) = Lao on Lo{tp, 'd) and each {(pi, 9i) is a critical point of 
L, there are uniform constants s G (0, C > and an open set U D (^{ip, such 
that 

(5.10) \L{u,v)-Loo\^-' <C\L'{u,v)\v', 
for all {u, v) G U. Define : M+ ^ M+ by 

H{t) := (L(^(^),^?(^))-Loo)^ 

The function H is nonincreasing and limj^oo if(t) — 0, since L{ip{t),i!){t)) = 
E{il;{t),{}{t)) and since £^ is a strict Lyapunov functional for (|5.1I) . which follows 
from (|4.4p . Furthermore we have \iuit^oDdist{{'ip{t),d{t)),uj{'ip,'d)) — 0, i.e. there 
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exists t* > 0, such that {'tp{t),'d{t)) e U, for aU t > t* . Next, we compute and 
estimate the time derivative of H. By (|4.4p and Proposition 15.41 we obtain 



H{t) = .s (^-^ Lim.m) j \L{m. m) - ^oor ^ 
^ ^ ^ - \L'm\m)\v^ 

So have to estimate the term \L' {'ip{t),'d{t))\v ■ For convenience we wih write 
-i/i — ip{t) and I? — '&{t). From ()5.3p we obtain with /i = 

(5.12) 

(L'(^,^),(/.,fc))y-,y 



= / {-AiP + ^'{^P))h dx+ / db'{d)kdx-§ / (A'(V')/i + 6'(i9)fc) da: 

= [ {n-Jl)hdx+ [ {d ~^)\'{ij)h dx+ [ {i} ~^)b'{i9)k dx 
Jn Jn Jn 

An apphcation of the Holder and Poincare-Wirtinger inequahty yields the estimates 
(5.13) I f ~^)X'{i^)h dx\ < IX'^ooW - d\2\h\2 < c\V§\2\h\2, 



(5.14) I / (l? - ^)b'{^)k dx\ < |6'(l?)|oo|^? - ^2\k\2 < c\V^\2\k\2 

Jn 

and 

(5.15) I / ifi-]l)hdx\<c\'^fi\2\h\2, 

Jn 

whence we obtain 

\L'{m,m)\v' < c{\v^i{t)\2 + \\7d{t)\2), 

by taking the supremum over all functions (/i, k) d V with norm less than 1 in 
(|5.12p - (|5.15p . This in connection with (I5.1ip yields 

-J^H{t)>ci\v^i{t)\2 + \vm\2), 

hence |V/i|, |Vi9| e Li{[t* , (x), L2{i^)). Using the equation dtip = A/i we see that 
dtijj e Li{[t*,oo),H^{n)*), hence the limit 

lim ■ip{t) =: -000 

exists in i?2(^)* ^ind even in i?2(^) thanks to Proposition 15.11 From equation 
(jSljl ^ it follows that dte € Li{[t* ,oo); H^{n)*), where e := b{d) + Mtp), i.e. the 
limit limt_j.oo e(t) exists in i?2 (^)*- This in turn yields that the limit 

lim 6(i9(0) =: 

exists in L2(^^), by relative compactness, cf. Proposition 15. II By the monotonicity 
assumption (H3) we obtain d{t) = b~^{b{'&{t))) and thus the limit oi{){t) as t tends 
to infinity exists in L2{^)- From the relative compactness of the orbit i?(M+) it 
follows that the limit 

lim i?(t) 

t—>-oo 
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also exists in i/Jl^)) ^ [Ojl)- Finally Proposition 15.31 yields the last statement 
of the theorem. 

□ 

6. Appendix 

Proof of Proposition \3.1\ 

Let (w, u), {u, v) G Mr{u* , V*). By Sobolev embedding it holds that u, u and u, v 
are uniformly bounded in C^(f2) and C(r2), respectively. Furthermore, we will use 
the following inequality, which has been proven in [17| Lemma 6.2.3]. 

(6.1) < /i(T)(|w-w|jj|0(i^) + |w;-«)|oo,oo), < s < so < 1, 

valid for every / G C2-(M) and ah w, w G B]j(m*) UB2,(t;*). Here ^l = AiCT") denotes 
a function, with the property /i(r) — ?• as T — )■ 0. The proof consists of several 
steps 

(i) By Holders inequality it holds that 
|A$'(u)-A$'(u)|x(T) 

< |Aw$"(m) - ^m"{u)\x(T) + ||VmP$"'(u) - \Vu\^^"'{u)\x(T) 

< \^u\rp,rpW {u) ~ $"(w)|r'p,r'p + |Alt - l\u\rp ,rpW {u)\r' p y p 

+ Tl/f (|Vu|L,ool<i'"'(") - <i'"'(^)|oo,oo + |VU - Vu\^^ooW"{u)\^,oo) 

< T'/^'P (|Au|,p,,p|$"(«) - 'f"{u)\^,oo + - Au\rp,rp\^"{u)\^^oo) 

+ T^/P (|Vu|L,ool*"'N - $"'(^)|oo,oo + |Vli - VuU,oo|$"'(u)|oo,oo) , 

since u,u & C{J; C-^{Q)). We have 

Au; G 77p«^/2(J;7j2(i-«-)(r!)) Lrp{J x 17), 02 e [0,1], 

for every function w G Ei{T), since r > 1 may be chosen close to 1. Therefore we 
obtain 

|A$'(m) - A<i>'{u)\xiT) < KT) {R + \u*\i) \u - 
due to the assumption $ G C"*~(R). 

(ii) Consider the term (A'(V'o) - X'{u))Av - (A'(V'o) - X'{u))Av. 

\{X'{^o) - y{u))Av - (A'(Vo) - X'{u))Av\xiT) 

< |(A'(Vo) - X'{u))A{v - v)\xiT) + \{X'{u) - X'{u))Av\x^T) 

< IV'O - u\oo,oo\v - t'|£;2(T) + \u~ u\oo.oo\v\e2{T) 

< {\lpo - U*U,oo + \u* - u\oo,oo)\v - v\e2{T) 

+ \u- u\E,(T)i\v - V*\E2iT) + \v*\e2(T)) 

<C{fi{T)+R)\{u,v)~iu,v)\i, 

since A G C"(M). Next, we consider the term V(A'(V'o) - A'(M))Vi; - V(A'(V^o) - 
X'{u))Vv. We obtain 

|V(A'(^o) - X'{u))Wv - V(A'(^o) - X'{u))\/v\x(T) 

< |V(A'(i^o) - X'{u))UViv - v)\xiT) + |V(A'(w) - A'(u))U|Vz;|x(T). 

Since 

V(A'(^o) - X'{u)) = V^o(A"(Vo) - X"{u)) + A"(m)(VVo - Vu), 
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and the same for V(A'(m) — A'(m)), we may argue as above, to conclude 



\V{X'{i;a) - A'(m))|oo,oo|V(w - v)\x{t) + |V(A'(w) - A'(m))U.oo|Vv|x(t) 



Finally, we estimate the remaining part with Holder's inequality to the result 



(6.2) \vA{X'i^:o) - X'iu)) - t)A(A'(7^o) - A'(z2))U(t) 

<\V- w|oo,oo|A(A'(^o) - A'(m))|x(T) + \v\r'p,r'p\A{X'{u) - A'(u))| 



|A(A'(^o)-A'(^.))U(T) 

< |AV'o|p|A"(V'o) - A"(m)|oo,oo + lAV'o - Au|p|A"(u)|oo,oo 

+ |V^olL,oo|A"'(^o) - A"'(u)|oo,oo + |A"'(u)|oo.oo|VV'0 - Vu|oo,oo 

00,00 

+ |VVo - Vu| 

00,00 

<C{fi{T)+R), 

since i/'o € H^{n)riC^{Tl.) and A e ^^"(M). For the second term in we obtain 

\A{X{U)-X'{u))\rp,rp 

< \Au\rp.rp\X" (u) - A"(u)|oo,oo + I |oo,oo I Au - Au\rp^rp 

+ |V«|L,oo|A"'(m) - A"'(m)|oo,oo + |A"'(m)|oo,oo|Vu - Vu|oo,oo 

< C'|u - m|si(T), 

since u,u £ C{J; C^{n)) and r > 1 can be chosen close enough to 1, due to the fact 
that V G C{J; C{fl)). Finally, we observe 



(iii) For simplicity we set f(u,v) — aoX'^ipo) — a{v)X'{u). Then we compute 
v)dtu - f(u, v)dtu\x(T) 



< {^l{T) + R)\{u,v) ~ {u,v)\i. 



where l/r + l/r' = 1. For the first part, we obtain 




+ \v*\r'p,r'p < + R- 



(6.3) 



< \dtu{f{u,v) - f{u,v))\x{T) + \ f{u,v){dtu - dtu)\x(T) 

< {\dtU - dtU*\x(T) + \dtU*\x(T))\f{u,v) - /(u, ■S)|oo,oo 



+ \f{u,v)\oo.,oo\dtu - dtu\x(T) 
< C{fi3{T) + R)\f{u, v) - f{u, ii)U.oo 

+ \f{u,v)\oo.oo\dtU ~ dtu\x(T)- 



Next we estimate 



\f{u,v) - f{u, v)\oo,oo 



< \a{v){X'{u)-X'{u))\^^^ 

< |a(f)|oo,oo|A'(u)-A'(^2)| 

< C{\u - u|oo,oo +\v - v\o, 



30 + \X'{u){a{v) - a{v))\ 

00,00 

)|oo,oo + |A'(u)| 

00,00 

\a{v) ~ a{v)\ 
00,00) < C\iu,v) - {u,v)\i. 



00,00 
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Furthermore, we have 

1/(^7 ^)l 00,00 00,00 00,00 |ao - a{v)\ 

00,00 

< C{\lpa ~ u|oo,oo + |i?o - wU.oc) 

< C{\lpQ - U*|oo,oo + \u* - u|oo,oo + I^^O - W*|oo,oo + \v* - w|oo,oo) 

< C{fi{T)+R). 

The estimate of (ao — a{v))Av — (ao — a(u))Au in Lp{J; Lp{rt)) can be carried out 
in a similar way. 

(iv) We compute 

\{a{v) - a(v)/2|x(T) < \a{v) - a(w)U.oo|/2|x(T) < \v - w|oo,oo|/2|x(T) 

< - v\e2{t) < KT}\{u,v) - {u,v)\i, 

since /2 G ^(T) is a fixed function, hence 1/2|x(t) — )> as T — j> 0. 

(v) By trace theory, we obtain 

The second norm has aheady been estimated in (i), so it remains to estimate 
$'(it) — ^'{u) in Hl'^{J;Lp{Vt)). Here we will use (|6.ip . to obtain 

|$'(u) - $'(w)|^i/2(^^) < - + \U- u|oo,oo) 

< fi{T)C\u - u\ei{T) < KT)C\{u,v) - {u,v)\i, 

since sq < 1. 

(vi) We may apply (ii) and trace theory, to conclude that it sufhces to estimate 

- (A'(^o) - X'{u)){v -v)~ (X'iu) ~ X'iu))v 

uvHl'^{J\Lp{Vt)). This yields 
|(A'(^o)-A'(u))(z;-t;)|^v.(^^^ 

< |A'(V'o) - A'(")l_H-y^(Lp)l" ~ ^^U.oo + |A'(?Ao) - A'(m)|oo,oo|w - v\^i/2^^^^ 

< (lA'(V'o) - A'(u*)|^i/2(^^) + |A'(u*) - A'(m)|^i/2(^^^)|u - v\e2{t) 

< (|A'(^o) - X'{u*)\^.,2^^^) + KT)R + (KT) + R)) \v ~ v\E2iT). 

1 /2 

Clearly A' (^0)- A' (u*) e ^H;' ^ {J; Lp{n)), since tpo does not depend on t and since 
A e C"^-(R). Therefore it holds that 

|A'(V;o)-A'K)|^y2(^^) ^0 

as r ^> 0. The second part (A'(m) — A'(?2))?; can be treated as follows. 

|(A'(u) - A'(t2))w|^i/2(^^) 

< \X'{u) - A'(u)|^l/2(^^)|w|oo,oo + |A'(m) - X'{u)\oc.oo\v\jjl/2^^^^ 

<Ci^iiT)+R + ^iiT))\u-u\E,iT), 
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where we applied again ()6.ip . This completes the proof of the proposition. 
Proof of Proposition \4-l \ 

\ n Q„++;„„ /i2 _ 

i2n _ r. ^ Tji 



Let Jj'^jax •= [<^:7inax] for soHie small S > 0. Setting = with domain 



D{A^) = {ue ; ^ 9^Am on dn}, 

the solution ip{t) of equation (14. ip -^ may be represented by the variation of param- 
eters formula 

(6.4) m = e-^'*^o + £ Ae-^'(*-^) (a'(V'(s))^(s) - $'(V(s))) ds, i € J^^x, 

where e"'^ * denotes the analytic semigroup, generated by —A^ — — in Lp{Q). 
By (HI), (H2) and dH]) it holds that 

«''(V^) e £oo(Jmax;igo(^)) ^ud A'(V^) £ ioo ( Jmaxi i6(f^)), 

with go = 6/(7 + 2). We then apply , r G (0,1), to ()6.4p and make use of 
semigroup theory to obtain 

(6.5) VeLoo(JLx;^':(^^)). 

valid for all r £ (0, 1), since go < 6. It follows from (|6.5p that ip e Loo(>/max; (^)) 
if 2r — 3/(?o > and 

$'(V') e ioo(JLx;i9i(^)) as well as A'(V') e ioo(J4ax;^Pi(^^)), 
with (71 = pi/(7 + 2). Hence we have this time 

^eL^{jL.;H^^;m, r£(0,l). 

Iteratively we obtain a sequence (pn)nGNo such that 

3 3 

2r > , n e No 

qn Pn+1 

with qn = Pn/{l + 2) and po = 6. Thus the sequence (p„)neNo ^ay be recursively 
estimated by 

1 ^7 + 2 2r 



Pri+l Pri 3 

for all n € No and r £ (0, 1). From this definition it is not difficult to obtain the 
following estimate for l/pn+i- 

' >^^^-?E(7 + 2)^ 



Pn+l P, 3 



(7 + 2)"+i 2r /(7 + 2)"+i - 1 



Po 3 V 71 + 1 

(6.6) =(^ + 2)"+ifl--^)+-^, nGNo. 

\Po 37 + 3/ 37 + 3 

By the assumption (HI) on 7 we see that the term in brackets is negative if r e (0, 1) 
is sufficiently close to 1 and therefore, after finitely many steps the entire right side 
of (j6.6p is negative as well, whence we may choose p„ arbitrarily large or we may 
even set Pn = 00 for n > N and a certain A'^ G No. In other words this means that 
for those r G (0, 1) we have 

(6.7) ,peL^iJU;H^/m, 
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for all p G [1, oo]. It is important, that we can achieve this result in finitely many 
steps! 

Next we will derive an estimate for dti^- For all forthcoming calculations we will 
use the abbreviation ip = iplt) and = Since we only have estimates on the 

interval J,iiaxi '^iH use the following solution formula. 

rt-S 



-A^{t-S) 



Ae 



(A'(V)i?-$'W)(t 



s) ds, t e Jt 



where '0(5 '■= V'(^)- Differentiating with respect to we obtain 

(6.8) dtilj{t) = A e-^'"(A"(V')i?atV' + X'Wdt'd - $"(V')5tV)(t - s) ds 
Jo 

for all t > S and with 

Let us discuss the function F in detail. By the trace theorem we have ips G 
Bpp'^^^{rt) and -dg G Bpp^^^{fl). Since we assume p > {n + 2)/2, it holds that 
i^s,'&s G Loo{^)- Furthermore, the semigroup * is analytic. Therefore there 
exist some constants C > and a; e K such that 

for all t > S. This in turn implies that 

F(.,V5,i95) eLp(Jl, xf]) 

for all p e (1, oo), where < S < S' < Tmax- We will now use equations (|5.ip ^ 2 
rewrite the integrand in (|6.8p in the following way. 

{X"{ij)d-<i>"{ij))dttP + X'{ij)dtd 



6'(i9) 



(6.9) 



= div 



-v(a"(v.)^-^-$»)-Vm-v^ 

Thus we obtain a decomposition of the following form 
iX"i^P)d-<i>"i^p))dt^P + X'{ij)dt^ 



div 

X'i^j 



b'{d) 



with 



= div(/^VAi + hVd) + g^y^JL + g^Vd + h^\7^V^i + h^\\7^\' 
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By Assumption (H3) and the first part of the proof it holds that fj,gj,hj e 
ioo(>/max ^ ^) foi" Gach j G {^J.,^} and this in turn yields that 

div(/^VM + UV^) e L^{JL., H^m*), 

/l^Vl? • + h^\V^f e il(Jmax X f^), 

where we also made use of (|4.6p . Setting 

Ti = Ae-^'' * div(/^VM + /^Vi?), T2 = Ae"^'* * (g^ ■ V/x + 5^ • Vi9) 

and 

we may rewrite (|6.8p as 

5tV = Ti + Ta + T3 + Vo, 'Jo)- 
Going back to (j6.8p we obtain 

T2 e JLx; i2(r!)) n L^iJL., Him ^ L^iJL. x O), and 

F(-,V5,l9i)ei2(Jn''axXf^). 

Observe that we do not have full regularity for T3 since A has no maximal regularity 
in Li{n), but nevertheless we obtain 

Ta e i/y'-(j4,,;Li(f])) nii(jL,;il2-(fl)). 

Here we used the notation Hp~ := H^'^ and e > is sufficiently small. An 
application of the mixed derivative theorem then yields 

if p e (1,8/7), whence 

for some 1 < p < 8/7. Now we go back to (|6.9p where we replace this time only 
dtd by the differential equation (|5.iP o to obtain 



div 



= /atV + div [gVi?] + /i • Vi? + fc|Vi?p. 
Rewrite (|6.8p in the following way 

(6.10) dt^ = 5i + ^2 + 53 + ^4 + Fit, ^0, i?o), 
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where the functions Sj are defined in the same manner as Tj. Since f,g,h e 
Loo ("/max X i^) it foUows again from regularity theory that 

5i e L^m) n L2{jL.; Him 

+ hi'\jL.: n l^{jL.: Him), 

52 e Hl'\ji,^- L^m n i2(J„l.; Him, 

53 e L^m) n L2(j1.; H^m, 

and it can be readily verified that 

Hy'{4i^;L2m)nLp{4i^;Hlm x n), 

whenever p £ [1, 2]. Now we turn our attention to the term S4 — Ae^^ * * fc| Vi?p. 
First we observe that by the mixed derivative theorem the embedding 

is valid, provided that q e (8/5, 2]. Hence it holds that 

with some constant C > 0. Taking the norm of StV' in L2{Jf^^^ x J7) we obtain 
from (ISm)) 

\dt^P\2,2<c(^\Sj\2,2 + \y^\%,2 + \F{-,i^5,^s)\2,2 

The Gagliardo-Nirenberg inequality in connection with (|4.6p yields the estimate 



provided that a = l/q. Multiply (j4.iP o by dt'O and integrate by parts to the result 



-17 I* 

b'mt,x))\dti^{t,x)\^ dx+--\Vi){t)\l = - / X\i;{t,x))dtip{t,x)dt^{t,x)dx. 

I at 

Making use of (H3) and Young's inequality we obtain 

(6.11) Ci\dt^\l2 + < C2{\dMl2 + |Vi9o|^), 

after integrating w.r.t. t. This in turn yields the estimate 

In order to gain something from this inequality we require that 2(1 — a) < 1, i.e. q 
is restricted by 1 < g < 2. Finally, if we choose q € (8/5,2) and use the uniform 
boundedness of the L2 norms of Sj, j £ {1, 2, 3} we obtain 

\dtM2.2<Cil + \dtMlT''^)- 
Since by construction 2(1 — a) < 1, it follows that the L2-norm of dti/j is bounded 
on J^ax X il. In particular, this yields the statement for by equation (|6.11l) . 

Now we go back to (|6.8p with S replaced by S' . By Assumption (115), by the 
bounds 5(1?, dtip G ^2(</4ax; L2{fl)) and by the first part of the proof we obtain 

x"W^dt^ + x'Wdt^ - ^"Wdti' e i2( jIx; L2m). 
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Since the operator = with domain 

D{A^) = {u e H^{n) : d^u = dr^Au = 0} 
has the property of maximal Lp-regularity (of. [Bj Theorem 2.1]), we obtain from 

and the last embedding is valid for all r < 2{n + 4)/n. By the properties of the 
function F it follows 

dtijeLr{4L;Lrm), 

for all r < 2{n + 4)/n and some < 6" < Tmax- To obtain an estimate for the 
whole interval Jmax, we use the fact that we already have a local strong solution, 
i.e. dt^} e Lp{0,S";Lp{V,)), p> {n + 2)/2. The proof is complete. 
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